
0

rature
t,

o
is

ng

ical

e
as an

1112

HelpCommentsWelcome
Journal of

MATERIALS RESEARCH
Momentum and thermal boundary-layer thickness
in a stagnation flow chemical vapor deposition reactor
David S. Dandy and Jungheum Yun
Department of Chemical Engineering, Colorado State University, Fort Collins, Colorado 80523-137

(Received 25 March 1996; accepted 21 October 1996)

Explicit expressions have been derived for momentum and thermal boundary-layer
thickness of the laminar, uniform stagnation flows characteristic of highly convective
chemical vapor deposition pedestal reactors. Expressions for the velocity and tempe
profiles within the boundary layers have also been obtained. The results indicate tha
to leading order, the momentum boundary-layer thickness is inversely proportional t
the square root of the Reynolds number, while the thermal boundary-layer thickness
inversely proportional to the square root of the Peclet number. Values computed usi
the approximate expressions are compared directly with numerical solutions of the
equations of motion and thermal energy equation, for a specific set of conditions typ
of diamond chemical vapor deposition. Because values of the Lewis number do not
vary significantly from unity for many different chemical vapor deposition systems, th
expression derived here for thermal boundary-layer thickness may be used directly
approximate concentration boundary-layer thickness.
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I. INTRODUCTION

Chemical-vapor-deposited (CVD) diamond is grow
in a variety of environments using many differe
techniques.1,2 Of the high growth rate deposition
technologies for the synthesis of diamond via low
pressure chemical vapor deposition, direct current (
arcjet reactor systems3–8 have proven to be reliable fo
the production of high quality, relatively large are
films.9–12 In this type of reactor, high growth rates resu
from very large fluxes of materials passing throu
the plasma gun and impinging upon the substrate,
a uniform gas-phase environment and deposition o
a large surface area result from the stagnation fl
occurring in this type of reactor.2 A number of specific
models have been developed for idealized strain
flow,4 stagnation flow,2 and one-dimensional boundar
layers13 in dc arcjet reactors. These models are
based upon solution of the coupled momentum, ene
and species mass conservation equations, subject to
geometric constraints appropriate for each reactor ty

While the theoretical treatment of transpo
and chemical kinetics in the dc arcjet reactors
rigorous,2,4,12–15 the models are generally very comple
and computer intensive; further the ability to obta
a converged numerical solution is often sensitive
not only the operating conditions specified, but al
to the initial condition used in the iterative solutio
technique. These models can require anywhere fr
tens of minutes to several hours to successfully exec
and consequently are difficult to incorporate direc
into intelligent process control design algorithms.12
J. Mater. Res., Vol. 12, No. 4, Apr 1997
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Experience gained from using detailed stagnatio
flow models to analyze film growth in dc arcjet system
has provided necessary insight for the development
simplified analytical models for diamond deposition.12,15

These analytical models are used to predict gas-ph
species distributions, diamond growth rate, and he
flux to the substrate; however, to calculate mass a
energy fluxes at the substrate, the models require
timates of the boundary-layer thickness, which in tu
are dependent upon multicomponent transport propert
The boundary-layer thickness falls out naturally from th
detailed model results, but since the analytical mode
are, in some sense, intended to replace the deta
models, it is necessary to havea priori estimates of
boundary-layer thickness.

By exploiting the idealized stagnation flow con
ditions present in many dc arcjet reactors, it
possible to derive approximate expressions for bounda
layer thickness using the Karman–Pohlhausen meth
In the following sections this method will be applied to
a general, uniform stagnation flow in order to develo
analytical expressions for momentum and therm
boundary-layer thickness as functions of effectiv
Reynolds number and Prandtl number. The results of t
work will be compared against detailed stagnation flo
calculations,2,12 using conditions applicable to diamond
growth. It is important to recognize that, while the actu
numbers to be presented here are specific to the diam
reactor environment, the analytical results are valid f
any system with laminar, uniform stagnation flow a
high Reynolds number.
 1997 Materials Research Society
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II. PROBLEM FORMULATION

Consider a dc arc plasma torch reactor configur
with the axis of the plasma-torch orthogonal to th
deposition surface3,4,9,16 such that the hot, high-velocity
gas jet issuing from the orifice of the torch produce
an axisymmetric flow field when it impinges upon th
temperature-controlled substrate, as illustrated schem
ically in Fig. 1. The gas experiences a 5 : 1 to 20 :
pressure drop as it flows through the torch orific
passing through a normal shock and spreading rapi
into the low-pressure reactor environment (5–100 To
typically), and producing a fairly uniform axial lamina
flow within 0.5 cm of the torch exit. In this work
attention is focused on forced convection transport
the region between the torch exit and the substrate. I
assumed that the flow in this region can be approxima
by a uniform stagnation flow, as illustrated in Fig. 2.2 Al-
though the gas does have a swirl component as it lea
the torch and the substrate usually rotates (to ens
azimuthal film uniformity), the swirl and spin Reynold
numbers are up to two orders of magnitude lower th
the forced convection, or stagnation, Reynolds numb
which will attain values of over 800 for the condition
to be considered here.

Since the flow is laminar and Reynolds number lie
in the range 500< Re < 2000, the flow behaves as i
it were nearly inviscid over most of the domain, wit
viscous and diffusive effects only becoming importa
in a thin region near the substrate. In other words the
are true momentum and thermal boundary layers pres
with thickness denoted byd and dT , respectively, such
that d, dT ! L. Within the boundary layer, the velocity
rapidly decreases from its potential flow value to ze
at the surface, and the temperature decreases from
free stream value to that of the temperature-controll
substrate. Thus, the relevant transport length scale at

FIG. 1. Schematic diagram of the stagnation flow geometry in
typical dc arcject reactor.
J. Mater. Res., Vol. 1
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FIG. 2. Uniform stagnation flow field assumed to be present in th
region between the plasma torch exit and the substrate. The cylindr
coordinates (r, f, z) are used to describe the geometry of this system

substrate is not directly dependent upon reactor dime
sion, but by an inherent length scale of the bounda
layer thickness where the effects of diffusive transpo
are significant.15

By making suitable assumptions regarding the natu
of the stagnation flow and using an appropriate similari
transform, the equations describing this nonisotherm
reacting system can be reduced from a set of thre
dimensional partial differential equations to a set o
coupled ordinary equations. The methodology for usin
the similarity transform has been discussed by a numb
of investigators,17–23 and therefore the details of this will
not be presented here.

As a simplified example, however, consider a sem
infinite fluid above a rotating infinite disk.20 The system
is described in cylindrical polar coordinates (r , f,z),
with the infinite radius disk in the planez ­ 0 and
the fluid occupying the regionz . 0. The rotation of
the disk results in a secondary, downward axial flow
such that the fluid’s velocity profile is three-dimensiona
with components (u, n, w). Recognizing that, for a
viscous, semi-infinite fluid, the zone of influence of th
disk is proportional to

p
nyv, a dimensionless similarity

variableX can be defined such thatX ­ z
p

vyn. The
three components of the Navier–Stokes equations a
then reduced to a set of ordinary, nonlinear differen
tial equations in a single independent variable,X. It
is assumed that the dependent variables are separ
functions of the radial and axial coordinates. Specificall
the axial velocity and temperature are functions of th
axial coordinate only, and the radial and circumferenti
2, No. 4, Apr 1997 1113
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velocities and the radial pressure gradient depend
early on the radial coordinate. The similarity transform
for the dependent variables take the form

u ­ rvFsXd ,

y ­ rvGsXd ,

w ­
p

nvHsXd ,

pyr ­ nvp0sXd 1
1
2

kv2r2 ,

where k is a constant andF, G, H, and p0 are the
dimensionless functions to be determined. The result
differential equations for the dimensionless unknow
are then

F00 ­ F2 2 G2 1 HF 0 1 k ,

G00 ­ 2FG 1 HG0 ,

p0
0 ­ H 00 2 HH 0 ,

2F 1 H 0 ­ 0 ,

where the prime denotes differentiation with respe
to X. These equations can then be solved numerica
subject to suitable boundary conditions atX ­ 0 and
X ! `.20

This similarity transform approach has been e
tended to the case of a forced, nonisothermal flo
with a finite boundary located atz ­ L,23 which is
the case to be considered here. In that study, res
obtained using a similarity transformation similar t
that above, but based on both disk rotationv and
forced convectionU`, and these were compared direct
against numerical solutions of the three-dimension
momentum and energy conservation equations. It w
found that, over a wide range of rotation and stagnat
Reynolds numbers, the similarity transform accurate
predicted the velocity and temperature fields in t
domain. This similarity approach has been employed
study a number of stagnation flow reactors2,13,24–26and
forms the basis of a Fortran code calledSPIN.24

To utilize the idealized stagnation flow field t
develop approximate expressions for the boundary-la
thickness, it is necessary to make several simplifyi
assumptions.

(1) The velocity, temperature, and composition a
known at the exit of the torch. The uniform axial dow
flow at the plasma-torch exit, located at the positionz ­
L, is given by2U`, and the temperature and chemic
composition (mass fractions) are denoted byT` andYk`

.
(2) Plasma effects (charged species) are neglec

the fluid issuing from the torch is treated as a neut
gas27,28 with a single thermodynamic temperature at th
plasma-torch exit.

(3) The substrate is considered a plane with infin
radius so that edge effects may be neglected.
1114 J. Mater. Res., Vol. 1
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(4) The radial component of the velocity,u, at
the surface must vanish due to the no-slip conditio
Although the axial velocity component,w, is nonzero,
at the surface due to the net flux of mass to the surfac2

it can be ignored becausewjz­0 ! U`. (In fact, the axial
velocity at the surface is typically seven or eight orde
of magnitude smaller thanU`.)

(5) At the deposition surface the gas-phase tempe
ture matches that of the substrate temperatureTs.

(6) While the system is nonisothermal, the temper
tures remains nearly constant atT` in the free stream,
and drops almost linearly toTs across the boundary
layer. Figure 3 illustrates a typical temperature profi
computed usingSPIN,24 for a reacting mixture of 0.5%
methane in hydrogen at 20 Torr, and an average e
velocity U` ­ 2 3 105 cmys. To characterize the
transport behavior in the system, it is assumed th
mixture properties such as density (r), viscosity (m), and
thermal conductivity (k) will be evaluated at the system
pressure,p, and an effective, or average, temperatu
Teff ­ 1y2 (Ts 1 T`). It is also assumed that radiation
heat transfer is secondary to convection heat transfe
the free stream.

(7) Disk and swirl Reynolds numbers (L2vyn and
L2Vyn) are small relative to the stagnation Reynold
number (LU`yn), so forced convection alone is to b
considered.

III. MOMENTUM TRANSPORT

If fluid properties are evaluated atTeff, the
r-component of the momentum equations and the co

FIG. 3. Representative temperature profile computed by numer
solution of the equations of motion and thermal energy equation
p ­ 20 Torr andU` ­ 2 3 105 cmys.
2, No. 4, Apr 1997
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tinuity equation in the cylindrical coordinate system a

r

µ
u

≠u

≠r
1 w

≠u

≠z

∂
­ 2

≠p

≠r

1 m

∑
≠2u

≠r2
1

≠

≠r

µ
u

r

∂
1

≠2u

≠z2

∏
,

(1)

and

≠u

≠r
1

u

r
1

≠w

≠z
­ 0 , (2)

whereu andw are the radial and axial velocity compo
nents, and all terms involving≠y≠f have been dropped
because of axial symmetry.

In order to nondimensionalize Eqs. (1) and (2), th
characteristic length is chosen to beL, the characteristic
velocity is U`, and the characteristic pressure isrU2

`.
Using these scales the dimensionless independent
dependent variables are denoted by

r̃ ­
r

L
x̃ ­

z

L
p̃ ­

p

rU2
`

(3)

ũ ­
u

U`

w̃ ­
w

U`

, (4)

and the dimensionless governing equations are then

ũ
≠ũ

≠r̃
1 w̃

≠ũ

≠x̃
­ 2

≠p̃

≠r̃

1
1

Re

∑
≠2ũ

≠r̃2
1

≠

≠r̃

µ
ũ

r̃

∂
1

≠2ũ

≠x̃2

∏
, (5)

≠ũ
≠r̃

1
ũ
r̃

1
≠w̃
≠x̃

­ 0 . (6)

where the Reynolds number isRe ­ LU`yn.
The domain consists of two distinct regions, a pote

tial flow region encompassing almost the entire doma
0 , z < L, and a momentum boundary-layer regio
z ! 0 where viscous effects must be considered. T
two different flow regions are illustrated by the velocit
profiles shown in Fig. 4, which were computed usin
SPIN with the conditions listed for Fig. 3. The modified
radial velocity (uyr) increases monotonically due to
continuity as the nearly inviscid flow approaches th
disk, reaching a maximum at a distance proportion
to

p
nyU`. It then decreases in magnitude through th

boundary layer and goes to zero at the substrate beca
of the no-slip condition. The axial velocity decrease
monotonically over the entire domain, such that i
magnitude in the boundary layer, that is, the regio
z , Os

p
nyU`d, is almost two orders of magnitude les

thanU`.
In terms of the governing equations, since th

Reynolds number is large,Re ­ Os103d, in the potential
flow region whereL is the appropriate length scale th
J. Mater. Res., Vol. 1
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FIG. 4. Axial and modified radial velocity profiles for condition
corresponding to Fig. 3.

viscous terms in the dimensionlessr-component become
negligible relative to the inertial and pressure gradie
terms. Thus, in the potential flow region the releva
equations are

≠ũ

≠r̃
1

ũ

r̃
1

≠w̃

≠x̃
­ 0 , (7)

ũ
≠ũ
≠r̃

1 w̃
≠ũ
≠x̃

­ 2
≠p̃
≠r̃

, (8)

subject to the following boundary conditions:

ũ ­ 0 , w̃ ­ 21 at x̃ ­ 1 . (9)

In order to capture the viscous effects present in
boundary layer, it is necessary to rescale the terms
the governing equations. Recognizing that vicious effe
decelerate the modified radial velocity over a distan
proportional to

p
nyU`, the scaling is chosen to be

X ­ Re1/2x̃ , W ­ Re1/2w̃ .

The governing equations in the boundary-layer reg
become

≠ũ
≠r̃

1
ũ
r̃

1
≠W
≠X

­ 0 (10)

and

ũ
≠ũ

≠r̃
1 W

≠ũ

≠X
­ 2

≠p̃

≠r̃

1
1

Re

∑
≠2ũ
≠r̃2

1
≠

≠r̃

µ
ũ
r̃

∂∏
1

≠2ũ
≠X2

­ 2
≠p̃

≠r̃
1

≠2ũ

≠X2
1 OsRe21d . (11)
2, No. 4, Apr 1997 1115
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For this stagnation flow problem, the separabili
assumption applies, namely thatw ­ wsx̃d andũsr̃, x̃d ­
r̃ ûsx̃d in the potential, or outer domain, andW ­
W sXd and ũsr̃, Xd ­ r̃ ûsXd in the boundary layer, or
inner domain. When these definitions are substituted in
Eqs. (7), (8), (10), and (11), the system is reduced to
set of ordinary differential equations:

2ũFS 1
dw̃

dx̃
­ 0 (12)

û2
FS 1 w̃

dûFS

dx̃
­ 2

1
r̃

≠p̃
≠r̃

(13)

in the outer region, and

2ûBL 1
dW
dX

­ 0 (14)

û2
BL 1 W

dûBL

dX
­ 2

1
r̃

≠p̃
≠r̃

1
d2ûBL

dX2
(15)

in the inner region. In Eqs. (12)–(15) the subscriptsFS
and BL are attached to the modified radial velocity t
distinguish that quantity between the outer and inn
regions.

In order to apply the Karman–Pohlhausen metho
approximate expressions for the velocity componen
must be determined. For the inner region it is assum
that ũ can be expressed as a cubic polynomial inX:

ũBL ­ r̃sa 1 bj2 1 dj3d . (16)

Thus, the modified radial velocity can be expressed a

ûBL ­ a 1 bj 1 cj2 1 dj3 , (17)

wherej ­ Xyz , andz is the (unknown) dimensionless
momentum boundary-layer thickness;z is related to the
dimensional boundary-layer thickness byz ­ Re1/2dyL.
Four constraints on̂uBL must be specified, and these ar

ûBL ­ 0 ,
d2ûBL

dj2
­ 0 at j ­ 0 , (18)

ûBL ­ a ,
dûBL

dj
­ 0 at j ­ 1 . (19)

The conditions at the surface arise from the no-s
condition and Eq. (15), while the conditions at the ed
of the boundary layer are based upon the characteris
of the û profile shown in Fig. 4. The value ofa is
not known in advance and must be determined throu
matching with the outer solution. When the bounda
conditions in Eqs. (18) and (19) are prescribed, t
resulting expression for̂uBL becomes

ûBL ­
1
2

ajs3 2 j2d . (20)

Then, substitution of Eq. (20) into the continuity equa
tion, Eq. (14), and integration inj over the boundary
1116 J. Mater. Res., Vol.
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layer, results in an expression for the axial veloci
component:

W ­ 2azj2

µ
3
2

2
1
4

j2

∂
, (21)

or, in terms of the unscaled variable,

w̃BL ­ 2sdyLdaj2

µ
3
2

2
1
4

j2

∂
. (22)

The value of the axial velocity at the outer edge of t
boundary layer is then

w̃BL ­ 2
5
4

d

L
a at j ­ 1 . (23)

From inspection of Fig. 4, it is assumed that th
modified radial velocity in the outer region in nearl
linear in x̃, such that

ûFS ­ a 1 bx̃ . (24)

The corresponding expression for the axial veloc
component is then

w̃FS ­ 22x̃

µ
a 1

1
2

bx̃

∂
1 c . (25)

The constantsa, b and c must be determined through
boundary conditions at̃x ­ 1 and matching with the
inner solution as̃x ! 0. Applying the conditions at the
inlet,

û ­ 0 , w̃ ­ 21 at x̃ ­ 1 , (26)

it is found thatb ­ 2 a and c ­ a 2 1. Matching
conditions are then applied in the area joining the inn
and outer regions:

lim
X!`

ûBL √! lim
x̃!0

ûFS

lim
X!`

ŵBL √! lim
x̃!`

ŵFS . (27)

Application of these two conditions yields two equation
in two unknowns,

a ­ a

µ
1 2

d

L

∂
(28)

and

2
5
4

d

L
a ­ 22a

d

L

µ
1 2

1
2

d

L

∂
1 a 2 1 . (29)

The resulting expressions fora, b, andc are then

a ­ 2b ­
4

s4 1 dyLd s1 2 dyLd
(30)

c ­
3 1 dyL

s4 1 dyLd s1 2 dyLd
d

L
, (31)

such that

a ­
4L

d 1 4L
. (32)
12, No. 4, Apr 1997
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Using the four constants in (30)–(32), expressions
the velocity components in the outer and inner regio
can now be written as

ûFS ­
4s1 2 x̃d

s4 1 dyLd s1 2 dyLd
(33)

w̃ ­
4sx̃ 2 1d2

s4 1 dyLd s1 2 dyLd
2 1 (34)

ûBL ­
2js3 2 j2d
4 1 Re21/2z

(35)

and

W ­ 2
2zj2

≥
3 2

1
2 j2

¥
4 1 Re21/2z

, (36)

where the dimensional and dimensionless bounda
layer thickness are related byd ­ LzRe21/2.

To illustrate the nature of the velocity componen
within the boundary layer and the matching of velocitie
between the two regions, a single case is conside
corresponding to the conditions of Fig. 3, except th
the pressure is 60 Torr rather than 20 Torr. For this ca
it has been determined that the dimensionless bound
layer thickness isz ­ 1.38, which corresponds tod ­
0.21 cm. The potential flow components in Eqs. (3
and (34) are scaled appropriately, and plotted w
the boundary-layer components of Eqs. (35) and (3
against the dimensionless boundary-layer coordinateX,
in Fig. 5.

The final quantity to be determined before applyin
the Karman–Pohlhausen method is the radial press
gradient appearing in the rescaled boundary-layer eq
tions. Because the axial component of the resca
boundary-layer equations simplifies to

≠p̃

≠X
­ OsRe21d , (37)

it is possible to determine≠p̃y≠r̃ by evaluating the radial
component of the equations at any axial position. F
convenience this position is chosen to be the outer e
of the boundary layer,j ­ 1, because the necessa
information is available from the potential flow solution
The resulting expression for the pressure gradient at
position 0 < X < z is

2
1
r̃

dp̃

dr̃
­ û2

FS

Ç
j­1

1w̃
dûFS

dX

Ç
j­1

­

a2 ­
16

s4 1 Re21/2z d2
(38)

Substituting this result into Eq. (15) yields

û2
BL 1 W

dûBL

dX
­

16
s4 1 Re1/2z d2

1
d2ûBL

dX2
(39)

which serves as the starting point for the determinati
of the surface shear stress,ts, and the momentum
J. Mater. Res., Vol.
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FIG. 5. Axial and modified radial velocity profiles in the matchin
region of the boundary-layer and potential flow solutions. The con
tions used areTs ­ 1200 K, T` ­ 2500 K,p ­ 60 Torr, andU` ­
2 3 105 cmys.

boundary-layer thickness,d. Carrying out the variable
transformationj ­ Xyz in Eq. (39), and subsequently
integrating that equation across the boundary layer,
expression for the dimensionless shear stress at
surface is obtained:

2
1
z

dûBL

dj

Ç
j­0

­
Z 1

0
û2

BLzdj 1
Z 1

0
W

dûBL

dj
dj

2
16z

s4 1 Re21/2z d2
. (40)

Substituting the approximate expressions forûBL andW,
Eqs. (35) and (36), into Eq. (40) and then simplifyin
the result, a quadratic equation is obtained for t
dimensionless momentum boundary-layer thickness,z ,
which yields a single physical root. In dimensional form
then, the momentum boundary-layer thickness is unifo
stagnation flow is given approximately by

d ­
L

Re1/2

"
0.2365
Re1/2

1

µ
1.892 1

0.0559
Re

∂1/2
#

. (41)

However, for values of the Reynolds number for whic
a boundary layer actually exists,Re > Os102d, the
expression forz is dominated by a single term; and it i
therefore a reasonable approximation to write

d
,
­ 1.375LRe21/2 . (42)

The presumption that the viscous length scale is prop
tional to

p
nyU` is borne out by this result.
12, No. 4, Apr 1997 1117
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Using the approximate expression found for t
radial velocity component in the boundary layer, t
shear stress at the surface can be evaluated:

ts ­ m
≠u
≠z

Ç
z­0

­ m
rU`

dL
dû
dj

Ç
j­0

­ 6m
rU`

dL

µ
L

d 1 4L

∂
. (43)

Assuming that Eq. (42) is valid, the expression for sh
stress becomes

ts ­ 4.36m
rU`

L2

µ
Re

1.375 1 4Re1/2

∂
. (44)

Since the radial coordinater is a monotonic function,
the surface shear stress can never change sign, an
a result, it is predicted that boundary-layer separat
cannot occur.

IV. ENERGY TRANSPORT

In this gaseous system, it’s assumed that kinetic
potential energy changes, as well as viscous dissipa
contribute negligibly to the total energy balance.
steady state, utilizing the assumption that fluid pro
erties are evaluated at an effective temperatureTeff,
the axisymmetric form of thermal energy equation
cylindrical coordinates is

rĈp

µ
u

≠T
≠r

1 w
≠T
≠z

∂
­ k

∑
1
r

≠

≠r

µ
r

≠T
≠r

∂
1

≠2T
≠z2

∏
,

(45)

where Ĉp and k are the mixture specific heat capa
ity and thermal conductivity, respectively. To nond
mensionalize this equation the characteristic length
velocity scales of Eqs. (3) are (4) are used, and
dimensionless temperature is defined such thatQ ­
(T 2 Ts)y(T` 2 Ts), where T` is the temperature a
the plasma torch exit (z ­ L), and Ts is the substrate
temperature. The dimensionless energy equation is t

ũ
≠Q

≠r̃
1 w̃

≠Q

≠x̃
­

1
RePr

∑
1
r̃

≠

≠r̃

µ
r̃

≠Q

≠r̃

∂
1

≠2Q

≠x̃2

∏
,

(46)

where the Prandtl number isPr ­ mĈpyk.
For a fluid undergoing uniform stagnation flow, th

similarity supposition is that the temperature profile do
not change shape at different values ofr, that is,Q ­
Qsx̃d.21 Utilizing this assumption, Eq. (46) becomes

w̃
dQ

dx̃
­

1
RePr

d2Q

dx̃2
. (47)

For finite Pr, asRe ! ` this equation simplifies to

w̃
dQ

dx̃
­ 0 , (48)
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which has the solutionQ ­ 1. Thus, in the region where
the flow is nearly inviscid, the temperature is predict
to be constant, consistent with the full numerical res
shown in Fig. 3. To correctly capture the actual tem
perature drop through the thermal boundary layer, it
necessary to rescale Eq. (47) using the same stretc
as for the momentum equations, namelyX ­ Re1/2x̃ and
W ­ Re1/2w̃. The resulting boundary-layer equation is

W
dQ

dX
­

1
Pr

d2Q

dX2
. (49)

Before implementing the Karman–Pohlhausen meth
an approximate expression is selected for the tempera
profile in the boundary layer

Q ­ a 1 bjT 1 cj2
T 1 dj3

T , (50)

wherejT ­ XyzT and jT is the dimensionless therma
boundary-layer thickness, related to the dimensio
boundary-layer thickness byzT ­ Re1/2dTyL. The con-
straints imposed on the dimensionless temperature in
boundary layer are

Q ­ 0 ,
d2Q

dj
2
T

­ 0 , at jT ­ 0 , (51)

Q ­ 1 ,
dQ

djT
­ 0 , at jT ­ 1 . (52)

Upon evaluation of the constants in Eq. (50), the dime
sionless temperature profile becomes

Q ­
1
2

jT s3 2 j2
T d . (53)

Because the relative thickness of the boundary laye
dydT, is a function ofPr, two different cases must be
considered, depending on whether the thermal bound
layer is thinner or thicker than the momentum bounda
layer.

A. dddT , ddd

For this case, viscous diffusion is stronger tha
thermal diffusion, anddT , d. Energy transport within
the thermal boundary layer occurs by both conducti
and convection, and the velocity experienced by the flu
is that given by the expressions forûBL andW from the
previous section. Integrating Eq. (49) across the therm
boundary-layer yields the integral equation

2
1

Pr
dQ

dX

Ç
X­0

­
Z zT

0
WBL

dQ

dX
dX . (54)

Substituting Eqs. (36) and (53) into Eq. (54) results
a quintic equation forzT :

z 5
T 2 14z 2z 3

T ­ 2
17.5
Pr

z 3f4 1 Re21/2z g , (55)

which must be solved numerically.
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B. dddT . ddd

For this case, viscous diffusion is weaker than the
mal diffusion, anddT . d. The fluid within the thermal
boundary layer experiences not only the velocity fie
characteristic of the momentum boundary layer, but a
that from the potential flow field. While the upper portio
of the thermal boundary layer is under the influence
the potential flow field, this comprises a relatively sma
fraction of the total thermal boundary-layer thickne
becausePr is finite, and in fact, for gases it isOs1d.
Nevertheless, when an integral equation identical
Eq. (54) is constructed, the limits of integration a
separated so that the different velocity fields are tak
into account:

2
1

Pr

dQ

dX

Ç
X­0

­
Z z

0
WBL

dQ

dX
dX

1
Z zT

z

WFS
dQ

dX
dX . (56)

Substituting Eqs. (34), (36), and (53) into Eq. (56) yield
a polynomial expression forzT :

z 5
T 2 3.75Re1/2z 4

T 1 s1.25z 1 3.75Re1/2dzz 3
T

2 fz 3 1 s1.5Re1/2 1 1.875Re21/2Pr21dz 2

1 5.625Pr21z 2 7.5Re1/2Pr21gz 2
T

1 0.143z 5 1 0.107Re1/2z 4 ­ 0 . (57)

V. DISCUSSION

As a simple illustration of the results obtaine
above, the effects of pressure and average temperatur
boundary-layer thickness are investigated for conditio
representative of those found in diamond arcjet reacto
In the system under study, pure H2 is fed into the
plasma torch where it encounters a high temperat
plasma arc. Due to nonuniform mixing in the torch an
extremely short residence times, only a fraction of t
hydrogen dissociates into the atomic state. The H,2

mixture leaving the torch is mixed with CH4, and the
mole fractions of CH4, H, and H2 at the point of mixing
are assumed to be 0.01, 0.2, and 0.79. Although
average velocity of the mixture at the torch exit depen
not only on the hydrogen flow rate but also on the g
temperature and reactor pressure, a characteristic v
of U` ­ 2 3 105 cmys is used for all cases considere
below. The separation distance between the torch e
and the substrate is assumed to be 15 cm. The predi
values ofd anddT will be compared to the full numerica
solution of the governing equations, using the stagnat
flow codeSPIN.24 The thermal boundary-layer thicknes
in the SPIN result is taken to be the point at which th
temperature drops to 99% of its free stream value;
momentum boundary-layer thickness is the point whe
û is maximum.
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A. Effect of temperature on boundary-layer
thickness

To examine the dependence of boundary-layer thic
ness on effective temperature, calculations were carr
out for 1000< Teff < 2500 K, at a single reactor pres
sure of 20 Torr. Thermophysical and multicompone
transport properties were evaluated using the Chem
software library.29,30 For this gaseous system, under th
conditions considered the thermal boundary layer
thicker than the momentum boundary layer, and Eq. (5
is used to computedT . [However, as illustrated in Fig.
5, the region over whichWBL ø WFS is comparable
in magnitude toz , and Eqs. (54) and (55) yield value
of zT very close to those predicted by Eq. (57).] Value
for momentum and thermal boundary-layer thickness a
plotted in Fig. 6 as functions ofTeff. The solid symbols
are the predictions resulting from Eqs. (41) and (57
while the open symbols are the values extracted fro
the SPIN calculations. It was not possible to specif
“realistic” combinations ofTs andT` in SPIN for Teff ,

1300 K or Teff . 2200 K.
For the results in Eqs. (41) and (55), simple kinet

theory predicts thatd, dT ~ T 3/4, which is very close to
the behavior found in Fig. 6 for both the approximate r

FIG. 6. The momentum and thermal boundary-layer thickness
functions of effective temperature forp ­ 20 Torr andU` ­ 2 3

105 cmys. The closed symbols (j) are from the results of the presen
work, while the open symbols (h) are taken from numerical results
of the governing conservation equations.24
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sults and theSPIN calculations. The maximum differenc
betweenSPIN and the approximate results for 1300<

Teff < 2200 K is 6%.

B. Effect of pressure on boundary-layer thickness

To illustrate dependence of boundary-layer thickne
on pressure, calculations were performed for 5< p <

100 Torr, withTs ­ 1200 K andT` ­ 2500 K (Teff ­
1850 K). This pressure range is characteristic of th
used in reactors operating under subsonic conditio
Again, since dT . d, Eq. (57) is used. Results fo
the momentum and thermal boundary-layer thickne
as functions ofp are plotted in Fig. 7; the values
computed using Eqs. (41) and (57) are denoted by
solid symbols, while theSPIN results correspond to the
open symbols.

C. Summary

Approximate expressions have been derived for
momentum and thermal boundary-layer thickness
forced convection, uniform stagnation flow. The resu
presented above are valid for conditions whereRe @

1, and effects arising from flow swirl or disk rotatio

FIG. 7. The momentum and thermal boundary-layer thickness
functions of pressure forTs ­ 1200 K, T` ­ 2500 K, andU` ­
2 3 105 cmys. The closed symbols (j) are from the results of the
present work, while the open symbols (h) are taken from numerical
results of the governing conservation equations.24
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are negligible compared to the imposed stagnation flo
The expressions resulting from application of the Ka
man–Pohlhausen method are in very good qualitat
and quantitative agreement with numerical solutions
the equations of motion and the thermal energy equati
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